Published by Institute of Physics Publishing for SISSA/ISAS Received: April 8, 2004 Accepted: April 19, 2004

A mixed phase of SUSY gauge theories from a-maximization

Csaba Csáki,^a Patrick Meade^a and John Terning^b

aInstitute for High Energy Phenomenology, Laboratory of Elementary Particle Physics Cornell University, Ithaca, NY 14853, U.S.A. aTheory Division T-8, Los Alamos National Laboratory Los Alamos, NM 87545, U.S.A.

Email: csaki@mail.lepp.cornell.edu, meade@mail.lepp.cornell.edu,

terning@lanl.gov

Abstract: We study N = 1 supersymmetric SU(N) gauge theories with an antisymmetric tensor and F flavors using the recent proposal of a-maximization by Intriligator and Wecht. This theory had previously been studied using the method of “deconfinement,” but such an analysis was not conclusive since anomalous dimensions in the non-perturbative regime could not be calculated. Using a-maximization we show that for a large range of F the theory is at an interacting superconformal fixed point. However, we also find evidence that for a range of F the theory in the IR splits into a free “magnetic” gauge sector and an interacting superconformal sector.

Keywords: Renormalization Group, Supersymmetry and Duality, Supersymmetric Effective Theories.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep042004040 /jhep042004040 .pdf

Contents

1. Introduction 1

2. a-maximization in the electric theory 3

3. Deconfinement 7

4. a-maximization in the deconfined dual theory: evidence for a mixed phase 10

5. Conclusion 14

1. Introduction

Finding the low-energy effective lagrangian for a gauge theory in the strong coupling regime is a virtually impossible task unless one appeals to lattice computations. However, if one considers theories with a large symmetry group then the symmetries could possibly be powerful enough to restrict the structure of the low-energy effective lagrangian. This is what happens in supersymmetric (SUSY) theories. Unbroken supersymmetry implies that part (or all) of the lagrangian is governed by holomorphic objects, which can sometimes be uniquely fixed based on symmetry arguments and weak coupling limits. For N = 2 theories the entire theory is determined by a holomorphic quantity, the prepotential, which allows one to solve the theory exactly [1] in the IR. In N = 1 theories the entire lagrangian is not governed by a holomorphic object, but only the superpotential. The fact that the superpotential is holomorphic in N = 1 theories still allows one to make powerful statements about non-perturbative physics and often lets one find the vacuum structure and phase of the theory [2]. The possible phases for theories with a small enough matter content are found to be confining (with or without chiral symmetry breaking), a pure abelian Coulomb phase (analogous to the N = 2 theories), or the gauge group could be broken via a dynamically generated superpotential. Theories with these phases have been completely classified in [3, 4, 5]. Once the matter content of a SUSY gauge theory is large enough, the known possible phases are an interacting superconformal fixed point (non-abelian Coulomb phase) or free “electric” or “magnetic” phases. The major tool used to study these phases is Seiberg duality [6], which is based on holomorphy and ’t Hooft anomaly matching. Seiberg duality is the IR equivalence of two different SUSY gauge theories with the same flavor symmetries and holomorphic invariants. This is often a strong-weak duality, which means in the regime where one of the theories is strongly coupled the dual is weakly coupled. The canonical examples of Seiberg duality typically

– 1 – contain three regimes: where the electric theory is IR free, while the magnetic theory is strongly coupled (free electric theory), where both electric and magnetic theories are interacting, but they correspond to the same IR fixed point (non-abelian Coulomb phase), and where the dual is IR free while the electric theory is strongly coupled (free magnetic phase). However, there are relatively few examples of Seiberg duality where the IR behavior is known, and thus one can only guess the right low-energy description of most of the N = 1 theories.

An important step in finding a general prescription to determine the low-energy description of most N = 1 gauge theories has recently been made by Intriligator and Wecht [7]. The key ingredient is that when a SUSY theory is at a fixed point, it necessarily has a larger space-time symmetry group, the superconformal group. A particular U(1)_R symmetry plays a special role since its corresponding R-charge is one of the generators of the superconformal group. From the superconformal algebra it follows [8, 9] that the R-charge and the dimension Δ of a chiral operator O satisfy 3 2 R(O) = Δ(O) . (1.1)

Therefore we can determine the anomalous dimensions of the entire chiral ring from the fact that Δ ≡ 1+γ/2 if we can determine their R-charges. Thus we can “solve” the gauge theory if we can determine the R-symmetry U(1)_R ⊂ SU(2, 2|1) of the superconformal algebra. This is an easy problem in SUSY QCD where there is no ambiguity in determining the U(1)_R symmetry. However when there are additional fields there are additional U(1) flavor symmetries and and one can form a linear combination of these anomaly free U(1)’s. It is then not clear what principle will determine which of these linear combinations will be the preferred U(1)_R that appears in the superconformal algebra. This is the problem that has been recently solved by Intriligator and Wecht [7] through a process called a-maximization. They found that the R-symmetry appearing in the superconformal algebra is the one that maximizes a central charge called a. A brief review of this process will be presented at the beginning of the next section.

The ability to find the superconformal U(1)_R symmetry is a major step forward in exact results in SUSY gauge theories. However, finding the superconformal U(1)_R still does not solve the entire theory since there is no way from a-maximization to determine where the superconformal phase ends. The process of a-maximization has only been implemented in a few cases such as for SU(N) gauge theories with one and two adjoints and various superpotential perturbations [7, 10, 11], all of which are vector-like theories (it has also been examined in the case of general theories in a different framework [12]). However, some of the most interesting SUSY gauge theories are the chiral theories, since these are the ones that can lead to dynamical supersymmetry breaking. The simplest models of dynamical SUSY breaking usually utilize a gauge theory with an antisymmetric tensor and some number of flavors [13, 14, 15]. Therefore, a lot of effort was expended during the nineties to try to understand the dynamics of such theories [16]–[21]. For a small number of flavors the dynamics of the theory is well-understood [17, 19, 4], however one could not conclusively find the low-energy phase of such a theory for an arbitrary number of flavors.

– 2 –

In light of the new developments we return in this paper to the study of the dynamics of a supersymmetric SU(N) gauge theory with one two-index antisymmetric tensor, F fundamentals, and N + F − 4 antifundamentals and no tree-level superpotential. The new methods will allow us to finally pin down the phase structure of this model. In studying this theory we implement a-maximization first directly, and then consider a dual of this theory based on the method of “deconfinement” [18]. The process of “deconfinement” allows one to come up with another strongly coupled description of the original theory using only fundamental fields which can then be dualized using ordinary Seiberg duality. Studying this deconfined dual will let us explore what happens to the theory when some of the gauge invariants in the electric theory go free. The dual of this theory using “deconfinement” has been previously studied in [19, 21]. However, since the superconformal R-symmetry could not be found before the method of a-maximization was known, one could not draw definite conclusions about the phase of the theory even using the deconfined dual.

One of the advantages of considering the deconfined dual in the case of the antisymmetric tensor is that the fields that go free as the number of flavors is reduced will be elementary fields in the dual theory. Therefore the procedure suggested in [10] of eliminating the contributions of the free field from a in the a-maximization procedure is straightforward to carry out. One can also check explicitly if a field going free would also imply the existence of a new phase or not. The deconfined dual has a product group structure. In [21] hints were found that for F = 5 and for N > 6 a new type of mixed phase occurs where one of the gauge groups remains at a superconformal fixed point whereas the other group becomes IR free. In this paper we use a-maximization in combination with “deconfinement” and find strong evidence for the fact that this new mixed phase exists and determine exactly when it occurs. What this implies is that the original electric theory after a certain point ceases to be a good description of the physics and actually splits into two sectors: an interacting non-abelian Coulomb phase and a co-existing free magnetic phase. The structure of the paper is as follows: in section 2 we outline the original theory and give the results of a-maximization for this “electric” theory. In section 3 we explain the method of “deconfinement” and show how to use it to find a dual description of the electric theory. In section 4 we then implement a-maximization in the deconfined dual theory, show explicitly how the decoupling of the free fields happens in the dual description, and discuss the arguments for the appearance of a mixed phase in this theory.

2. a-maximization in the electric theory

Before we start analyzing the SU(N) theory with an antisymmetric tensor, we will briefly review the central charge a and a-maximization for those not familiar with the original paper of Intriligator and Wecht [7]. In a SUSY gauge theory the trace anomaly of the stress-energy tensor, T^{μν} , has both internal contributions (from the gauge sector) and external contributions from external background sources that are coupled to currents in the theory. The central charge a of a four-dimensional superconformal gauge theory is the coefficient of the contribution from an external supergravity background. The definition of

– 3 – a comes from coupling the stress energy tensor to a background metric g_{μν} (x) which then shows up in the trace anomaly as

T^μ_μ = Θ ∼ 1 g^3 β̃(F^a_{μν} )^2 − a(g)(R_{μνρσ} )^2 + · · · (2.1)

where g is the gauge coupling, β̃ is the numerator of the exact NSVZ β function [22], F^a_{μν} is the gauge field strength, and R is the curvature tensor whose square is the Euler density. The central charge a was conjectured by Cardy [23] to satisfy a four dimensional version of the Zamolodchikov c-theorem [24]: a_{IR} < a_{UV} . The connection between the U(1)_R symmetry that is in the superconformal algebra and a is that a can be expressed in terms of ’t Hooft anomalies of this particular R-symmetry [25, 26]. The relation between a and the ’t Hooft anomalies is a = 3 32 ( 3 Tr R^3 − Tr R ) . (2.2)

This relation still does not tell us what the superconformal U(1)_R symmetry is since neither side of eq. (2.2) is fixed at this point.

Let us consider a trial R-symmetry made up of some arbitrarily chosen initial Rsymmetry R_0 and the various additional U(1) symmetries Q_I of the global symmetry group of the theory R_{trial} = R_0 + ∑ i s_I Q_I (2.3)

where s_I are arbitrary real coefficients that tell us the admixture of symmetries making up our trial R-symmetry. What Intriligator and Wecht have shown is that the s_I corresponding to the linear combination that gives the superconformal R-symmetry, ŝ_I , come from maximizing the central charge a_{trial}. a_{trial} is constructed by using the trial R-symmetry in eq. (2.3) with eq. (2.2). The condition that a is maximized implies that the first derivatives of a_{trial} with respect to the s_I vanish which implies

∂a_{trial} ∂s_I = 3 32 ( 9 Tr R^2_{trial}Q_I − Tr Q_I ) = 0 . (2.4)

Thus the first condition of a-maximization is

9 Tr(R^2Q_I ) = Tr Q_I . (2.5)

To find a local maximum the second condition is that the matrix of second derivatives

∂^2a_{trial} ∂s_I ∂s_J = 27 16 Tr R_{trial}Q_I Q_J < 0 (2.6)

is negative-definite. Intriligator and Wecht showed in [7] that eqs. (2.5) and (2.6) were always true for any unitary superconformal field theory. Therefore maximizing a over the space of possible R-symmetries determines the superconformal U(1)_R.

– 4 –

The process of a-maximization relies on being able to identify the superconformal Rsymmetry from the weakly coupled UV fixed point, assuming that the global symmetries of the IR superconformal theory match those of the UV theory. However, in many cases there are accidental symmetries in the IR, which can also be part of the superconformal R-symmetry. For instance such an accidental symmetry appears when one of the gauge invariants becomes a free field. At such points a-maximization could conceivably break down, since the theory will not necessarily remain in the superconformal phase. For example a field going free could signal the appearance of a free magnetic phase. The only way to unambiguously decide what is exactly happening at such points is if one has a weakly coupled dual at hand, which is usually not the case.

We are interested in the low-energy behavior of a supersymmetric SU(N) gauge theory with one two-index antisymmetric tensor, F fundamentals and F +N −4 antifundamentals. We would like to use the method of a-maximization which is applicable in the superconformal phase. Thus we first look for the Banks-Zaks fixed point [27] which occurs for F = 2N − 3 − ϵN. To simplify the expressions we will work explicitly in the large-N, F limit with x ≡ N/F held fixed. The theory has the following transformation properties under the non-abelian flavor symmetries and the superconformal R-symmetry:

SU(N) SU(F ) SU(F + N − 4) U(1)_R Q 1 R(Q) Q 1 R(Q) A 1 1 R(A)

(2.7)

The vanishing of the NSVZ β function is necessary for the theory to be at a superconformal fixed point. This condition is equivalent to the cancellation of the SU(N)^2 U(1)_R anomaly for the superconformal R-symmetry, and implies that

R(A) =

2 − R(Q) − (x + 1)R(Q) x . (2.8)

Applying the a-maximization procedure we find that R(Q) = R(Q) = − 12 − 9x^2 + √ x^2(−4 + x(73x − 4)) 3(−4 + (x − 4)x)

. (2.9)

The flow of the R-charges as a function of x is shown in figure 1 which starts at a value of x = .5, corresponding to the Banks-Zaks fixed point in the large-N, F limit. One should note that the R-charges of Q and Q are the same even though the theory is chiral. This corresponds to the fact that to all orders in perturbation theory the anomalous dimensions for Q and Q have to agree in the absence of a superpotential, since gauge interactions do not distinguish between the two fields. The R-charges in figure 1 will be modified for x > x_M ∼ 2.95367 due to unitarity constraints that we will discuss.

The chiral ring of this theory is made up of two types of mesons, M = QQ and H = QAQ, as well as baryons of the form B_k = Q^kA^{N−k}2 (for k, N both even or odd and k ≤ min(N, F )) and B = Q^N . Unitarity constrains the dimensions of the operators

– 5 –

Figure 1: The naive R-charges of the fields are plotted as a function of x, the dashed line represents the R-charges of Q, Q and the solid line is the anti-symmetric tensor A. For x > x_M ∼ 2.95367 the R-charges will be modified when taking into account unitarity constraints.

in the chiral ring to be greater than one. A possible signal for a theory to leave the superconformal phase is when there is an apparent violation of the unitarity constraint (for example in SUSY QCD, the meson becoming a free field signals the onset of the free magnetic phase). In the theory with the antisymmetric tensor under consideration here the smallest invariant (in terms of number of fields) is M, therefore this field is likely to go free first as x is increased which is what we find. We find the point at which the meson becomes a free field is at

x = x_M = 4 9 ( 4 + √ 7 ) ∼ 2.95367 . (2.10)

There are then two possibilities: either the theory is out of the superconformal phase and a-maximization should no longer be used, or it is also possible that at the point where M first appears to violate the unitarity bound the meson becomes a free field while the other members of the chiral ring are still interacting. It is impossible to decide just based on the electric theory which of these possibilities actually occurs, but for now we will assume that it is the latter case (that is M becomes free while the other fields remain interacting). We will see more compelling evidence for this from the deconfined dual description in the the next section.

If the meson becomes a free field, there will be an additional U(1) symmetry not present in the UV description which can mix into the superconformal R-symmetry and which will ensure that the R-charge of M is 2/3. One then subtracts the contribution of the meson from the a used originally and re-maximizes to find the flow for values of x greater than those in eq. (2.10) as first described in [10]. Following the procedure set out in [10] once the meson M goes free we construct a new a_{int} made up of only the assumed interacting

– 6 –

Figure 2: The R-charges of the fields are plotted as a function of x taking into account that M went free. The short dashed line represents the R-charges of Q, and the long dashed line represents Q while the solid line is the anti-symmetric tensor A.

sector of the theory

a_{int} = a_0 − a(R(M)) (2.11)

a_{int} = a_0 − 3 32 F (F + N − 4) ( 3(R(Q) + R(Q) − 1)^3 − (R(Q) + R(Q) − 1)) , (2.12)

where a_0 is the original a of the theory. Maximizing a_{int} now determines the R-charges of Q, Q and A for x > x_M . Because the analytical expressions for the R-charges become too complicated to present here we simply plot the results in figure 2.

The second meson H = QAQ also goes free when x = x_H ∼ 4.08952. Therefore in figure 2 for x > x_H the R-charges will be modified when taking into account unitarity constraints. That H goes free at this value of x depends upon the large-N limit, for N < 8 H will not become a free field before the theory confines for F < 5. When H goes free one might expect that the same thing happens as when M went free, i.e. it decouples and the rest of the theory remains interacting. We do not continue this process in this “electric” description because in a dual “deconfined” description we believe H going free signals a change from a purely interacting non-abelian Coulomb phase into a mixed phase that we will describe in section 4.

3. Deconfinement

No weakly coupled dual with one gauge group is known for the theory under consideration. This is unfortunate since as was pointed out in [10] one does not know when a-maximization breaks down and a free magnetic phase occurs without a Seiberg dual. There is the possibility though that there is another strongly coupled description of the same physics. We can find such a strongly coupled description of the SU(N) gauge theory in question

– 7 – if we view the antisymmetric tensor as a composite coming from an s-confining (confining without chiral symmetry breaking and with a confining superpotential) Sp gauge group: this idea is known as “deconfinement” [18]. It is a rather straightforward process since sconfining SUSY gauge theories are well documented and classified [4]. Once one has a new strongly coupled description of the physics in terms of only fundamental representations of SU(N) one applies the usual Seiberg dualities to find further dual descriptions of the physics. As we will see after applying Seiberg duality, instead of having two groups where one is in a non-abelian Coulomb phase and the other is confining, both will be in a nonabelian coulomb phase for small enough x. With that in mind let us now look at the details of this procedure for our theory in question which has been examined in [19, 21]. One can skip ahead to the final (second) dual description since that is all we will use here but we have included the intermediate steps for completeness.

We start with the SU(N) gauge theory with an antisymmetric tensor [19, 21] for odd N and with F ≥ 5 flavors:

SU(N) SU(F ) SU(F + N − 4) Q 1 Q 1 A 1 1

(3.1)

Deconfinement means that instead of considering the above theory with the antisymmetric tensor, one imagines that this antisymmetric tensor is a composite meson of another strongly interacting gauge group that confined before the SU(N) group became strongly interacting. Thus we assume that there is a gauge group G which has a weakly gauged flavor symmetry SU(N). Since we want the meson to be in an antisymmetric representation of this SU(N), the gauge group should be chosen to be an Sp group. It is well-known that Sp(M) is s-confining (that is confining without chiral symmetry breaking) if the number of fundamentals under Sp(M) are F = M + 4. However, this confining group will generate a superpotential for the confined meson. In order to eliminate this superpotential after confinement one needs to add an additional superpotential term to the theory before confinement. The role of this term in the superpotential will be to set some fields to zero after confinement and thereby eliminating the entire confining superpotential. The details of this procedure for deconfining arbitrary two-index representation are described in [20]. Here we just repeat the main steps leading to the final dual description that we will be using.

The deconfined dual description of this theory is then found by taking A to be a composite meson of an s-confining Sp(N − 3) theory

SU(N) Sp(N − 3) SU(F ) SU(N + F − 4) Y 1 1 Z 1 1 1 P 1 1 1 Q 1 1 Q 1 1

(3.2)

– 8 – with a superpotential

W = Y ZP . (3.3)

When the Sp(N − 3) group confines, the superpotential becomes a mass term for one of the meson components, which eliminates the entire confining superpotential.

The SU(N) group has N + F − 3 flavors so we can use Seiberg duality for SU groups to find a dual for this deconfined theory:

SU(F − 3) Sp(N − 3) SU(F ) SU(N + F − 4) y 1 1 p 1 1 1 q 1 1 q 1 1 M 1 1 L 1 1 B_1 1 1 1

(3.4)

with W = Mqq + B_1qp + Lyq . (3.5) In this first dual we have an Sp(N − 3) group with N + 2F − 7 fundamentals. We can then use Seiberg duality for Sp groups [28] to find an Sp(2F − 8) dual, which after integrating out massive fields has the following content

SU(F − 3) Sp(2F − 8) SU(F ) SU(N + F − 4) ỹ 1 1 p 1 1 1 q 1 1 M 1 1 l 1 1 B_1 1 1 1 a 1 1 1 H 1 1 1

(3.6)

and superpotential W = Mqlỹ + Hll + B_1qp + aỹỹ . (3.7) In the final dual description we see that both M = QQ and H = QAQ are mapped to fundamental fields. This is important, because in the process of a-maximization it is easier to decide what happens to the theory when fundamental fields rather than composite objects become free. To even have the possibility of a weakly coupled description, a field that becomes free must be fundamental in that description.

– 9 –

One can similarly find a dual for the case when N is even by following the same steps outlined above. The final dual will be:

SU(F − 2) Sp(2F − 8) SU(F ) SU(N + F − 4) SU(2) ỹ 1 1 1 p 1 1 1 q 1 1 1 M 1 1 1 l 1 1 1 S 1 1 1 a 1 1 1 1 H 1 1 1 1 B_0 1 1 1 1 1

(3.8)

with the superpotential W = Mqlỹ + Hll + Sqp + aỹỹ + B_0ap^2 . (3.9) Note the appearance of the additional (spurious) SU(2) global symmetry. This extra SU(2) is necessary to avoid the appearance of a Witten-anomaly in the Sp group. Note however, that none of the fields that transform under the Sp(2F − 8) group transform under this SU(2). We should remark that there are many other possible ways to deconfine the antisymmetric tensor both for N odd and N even, in which case the analog of the spurious global symmetry would be bigger, an SU(K) group. However, in the second dual one always ends up with an Sp(2F − 8) group with the same matter content and none of these fields transforming under the Sp(2F − 8) group will transform under the SU(K).

4. a-maximization in the deconfined dual theory: evidence for a mixed phase

In the final dual description, eq. (3.6), given that the mesons M and H are fundamental fields, their interactions are only dependent upon the couplings in the superpotential which contribute to their anomalous dimensions. The hypothesis in the electric description was that when M and H go free that they simply decouple while the rest of the theory remains interacting. Here we show evidence that this is in fact the case when M goes free, but not when the H meson goes free.

The deconfined dual description in eq. (3.6) is a strongly coupled description of the electric theory. In the electric picture there exists a weakly coupled Banks-Zaks fixed point [27], however in the deconfined dual description there is no weakly coupled fixed point due to the product group structure. Therefore one doesn’t really know if the terms in the deconfined superpotential (3.7) are actually relevant or not. The best one can do is to assume the superpotential is relevant and thus deconfinement is valid around the Banks-Zaks fixed point of the electric theory. Then one can apply the a-maximization process to the final dual description to find the dimensions of the fields. By construction

– 10 – one then finds that the dimensions of the fields in the chiral ring of the “electric” theory agree with those of the final dual near the Banks-Zaks fixed point of the original theory. In this final dual description we find that M goes free at x = x_M which corresponds identically to the electric description. When M goes free in the magnetic description the superpotential coupling in front of Mqlỹ must vanish. However, this does not imply any further field necessarily going free, and it is consistent to assume that due to this coupling flowing to zero M becomes a free field, while all other fields remain interacting. This is a very explicit realization of the procedure of [10] about incorporating accidental symmetries into a-maximization.

Thus it is reasonable to continue on with the assumption that when M goes free it simply decouples and we then find that H goes free at x = x_H , again exactly at the same point where it happens in the electric theory. However, the fact that H becomes a free field also implies that at this point its superpotential coupling flows to zero. Assuming continuity of the anomalous dimension in x we can also deduce that the dimension of the dual quark, Δ(l), is equal to one, since the superpotential term Hll has R-charge 2. The anomalous dimension of l can be expressed as γ_l = g^2_{Sp}h(couplings) where h is a function of possibly all the couplings in the theory. The fact that the anomalous dimension of l vanishes at the point where H goes free could either be a consequence of an unexpected cancellation which causes there to be a zero of h when H goes free, or more simply it could imply that the gauge coupling of the Sp group also vanishes at this point. In the latter case l would also become a free field implying γ_l = 0 as required, but this also implies that the whole Sp group becomes free at the point where H goes free. This would be analogous to the case of SUSY QCD where the meson going free implied the whole dual gauge group became free, i.e. the theory entered a free magnetic phase. We find it more plausible that the Sp gauge group becomes free when H goes free. This is also the scenario that one would expect to happen based on estimates of the value of the β-function for the Sp group, which supports the claim that the Sp group gauge coupling in the IR indeed vanishes and Sp is IR free for sufficiently large x.

Next we will show how to actually estimate the value of the β-function for the Sp group. This will be similar to the argument found for the special case of five flavors in ref. [21]. We can simplify the analysis by noting that the ratio of the two holomorphic scales in the the final dual description Λ_{Sp} and Λ_{SU} can be varied arbitrarily. Because of holomorphy we know that there can be no phase transition as the ratio is varied, thus we can always go to a limit where one of the gauge couplings is as small as we desire. Thus we will work in the limit Λ_{Sp} ≪ Λ_{SU} and show that the β function of the Sp group is positive for large enough x, which will thus imply that the Sp group is indeed IR free. The bound on x that we find below is in accordance with the exact value found from a-maximization.

In the limit where g_{Sp} goes to zero we can expand the β function of the Sp group perturbatively in the small coupling limit: β(g_{Sp}) = − g^3_{Sp} 16π^2

[3(2F − 6) − (F − 3)(1 − γ_ỹ(g_{Sp} = 0)) − (N + F − 4)] + O(g^5_{Sp}) . (4.1)

Here we have used the fact that γ_l(g_{Sp} = 0) = 0. This follows from the fact that in the

– 11 – limit g_{Sp} → 0 l is a gauge invariant, and it should obey Δ_l ≥ 1. However, it appears in a superpotential term Hll, where all three fields are gauge invariant in the zero Sp coupling limit. Since all of these fields have at least dimension one, this term has to be irrelevant, and so in this limit l is a free field, implying γ_l(g_{Sp} = 0) = 0.

We therefore see from (4.1) that if

4F − N − 11 + (F − 3)γ_ỹ ≤ 0 (4.2)

the Sp group is IR free. The only thing we need to find is a bound on the anomalous dimension of ỹ. We can get a bound on γ_ỹ in the following way: if we look at the last term in the superpotential (3.7) we see that the coefficient of this term by assumption does not vanish in the limit g_{Sp} goes to zero. Therefore the R-charge in this superpotential must add up to two. Assuming that the SU group is at a conformal fixed point we can use the relation between R-charges and anomalous dimensions to find

γ_a + 2γ_ỹ = 0 . (4.3)

Thus we can get an upper bound on γ_ỹ if we find a lower bound on γ_a. Such a bound can be obtained by considering the unitarity bound for a gauge invariant containing only a’s. Let us first suppose that F is odd, in this case a^{F −3}2 is such a gauge invariant and maps to the field B_F = Q^F A^{N−F}2 of the “electric” theory. The reason why we emphasize this is because the unitarity bound should only be imposed on fields that are part of the chiral ring. There do exist gauge invariant operators (for example qp) that are lifted by the F-flatness conditions and therefore the unitarity bound should not be imposed on them. Since B_F = Q^F A^{N−F}2 is a gauge invariant of the electric theory it is bounded by the unitarity constraint to have F − 3 2 + F − 3 4 γ_a ≥ 1 , (4.4)

since Δ_i = 1 + γ_i/2. By combing eq. (4.3) and eq. (4.4) and taking the large F limit we see that γ_ỹ ≤ 1 . (4.5)

If we use this bound for γ_ỹ and combine it with eq. (4.2) in the large N, F limit we see that for N ≥ 5F (4.6) or x ≥ 5 (4.7)

the Sp gauge group is IR free. This is consistent with the result obtained from a-maxi-mization, and gives strong support for the expectation that for x > x_H the Sp group is indeed IR free. One should note that this bound is different than the naive estimate of where the Sp group would go free if you did not take into account the dynamics of the SU group. Ignoring the SU dynamics one would find that for x ≥ 4 the Sp group was IR free but as we see including the effect of the superpotential and the SU strong dynamics we find a higher value of x at which Sp becomes free which is consistent with a-maximization.

– 12 –

For the case that F is even we will have to use a different gauge invariant to find a bound on γ_ỹ. In this case we will use the invariant qa^{F −4}2 which maps to B_{F −1} = Q^{F −1}A^{N−F −1}2 of the electric theory which gives a unitarity constraint of

F − 4 + γ_q + F − 4 2 γ_a ≥ 0 . (4.8)

Since eq. (4.3) does not depend on whether F is even nor odd, we can use eq. (4.3) with eq. (4.8) to show that F − 4 + γ_q ≥ (F − 4)γ_ỹ . (4.9)

Using the a-maximization process we find that γ_q is bounded for all values of x therefore in the large F limit eq. (4.9) reduces to eq. (4.5). We therefore find that for F even or odd for x > 5 the Sp group becomes IR free. To summarize, we have found that there is a value of x above which the Sp gauge group is necessarily IR free. Since the anomalous dimension of l vanishes when H goes free, it is very plausible to identify the onset of the IR free phase of the Sp group with the point when H goes free, as argued when discussing the results of a-maximization. For the case when N is even one needs to use the dual in (3.8). We find identical results in this case in the large, N, F limit: the meson M goes free at x_M , H goes free at x_H and at that point the dual Sp(2F − 8) group becomes IR free. One may worry about the appearance of a different SU gauge group and the additional SU(2) global symmetry in the final dual in this case. This is however not a real concern, since the fields that we claim to be free do not transform under the SU gauge symmetry nor under the extra global SU(2). One can also check, that our results about the free dual quarks and gauge fields are independent of the particular choice of the deconfining gauge group: the second dual will always have the same Sp(2F − 8) factor with the same degrees of freedom transforming under it, which has to be the case if the Sp group is indeed IR free.

Thus what we have found is that there is a phase in the theory with the antisymmetric tensor which is similar to the free magnetic phase of SUSY QCD, since there is an IR free gauge group with free magnetic gauge bosons and free dual quarks. However, there are also many differences. The major difference is that in addition to the IR free gauge group there is another SU gauge group in the deconfined theory, which does not go free, and which in its matter content itself has an antisymmetric tensor just like the electric theory. If one assumes that as argued above the Sp group goes free, one can simply apply a-maximization to the remaining SU group to determine its evolution.

The results from a-maximization of the remaining SU group are shown in figure 3, where we plot the R-charges of the independent fields q, ỹ as a function of the number of flavors, F . Note, that the size of the original gauge group N no longer affects the dynamics of the SU group, which is now only a function of F , this is why we can present the results as a function of F only. However, it is still implicitly assumed that N is large enough for this mixed phase to occur at all because for N < 8 the H meson will not go free and thus there will not be a mixed phase. What we find is that none of the gauge invariants in the remaining SU group go free as we reduce the number of flavors before it confines at F = 4. What this suggests is that the mixed phase continues to exist down to F = 5 and once F < 5 the theory confines which signals the end of the mixed phase.

– 13 –

Figure 3: The R-charges of the independent fields are plotted as a function of F . The short dashed line represents the R-charge of q, and the long dashed line represents ỹ. The smallest value that F can be is F = 5, for F < 5 this theory confines.

The mixed phase that occurs in this theory after H decouples is different than the normal picture that Seiberg duality shows for other theories. For instance in an SU(N) gauge theory with F flavors Seiberg duality shows that below F = 3/2N the theory goes from a non-abelian Coulomb phase to a free magnetic phase. In the case of the antisymmetric tensor we have a product gauge group dual and only one of the gauge groups goes free.

5. Conclusion

The SU(N) supersymmetric gauge theory with a two-index antisymmetric tensor has many interesting properties not seen in other theories. There is no simple dual that unambiguously defines the phases of this gauge theory but combining “deconfinement” and the process of a-maximization we have determined the phase evolution of this theory in terms of N and F . This theory has a Banks-Zaks fixed point in the large N, F limit at x = 1/2. In the IR we believe that the theory is in an interacting non-abelian Coulomb phase near the Banks-Zaks fixed point. As one increases x the meson M = QQ becomes a free field and decouples from the theory at x = x_M ∼ 2.95367. Further increasing x will cause the other meson in the theory H = QAQ to become free at x = x_H ∼ 4.08952. At the point where the meson H becomes free in the deconfined dual description it dictates that one of the dual gauge groups, Sp(2F − 8), becomes free. Therefore for x > x_H the electric theory ceases to be a good description of the physics and one should use the dual deconfined description. In this deconfined description a mixed phase of the gauge theory continues to exist where the Sp(2F − 8) group remains free and the SU(F − 3) group is in an interacting non-abelian Coulomb phase. This mixed phase exists for all F ≥ 5; at the point where F < 5 the theory confines and the dynamics is well understood. We expect similar results

– 14 – for SU(N) with a two-index symmetric tensor in the large-N, F limit, except the free gauge group will be SO(2F + 8). While a-maximization does not a priori tell us the phase structure of a theory, by combining it with the tools of deconfinement and duality we have shown that a new kind of fixed point can be reached.

Acknowledgments

We thank Josh Erlich and Ken Intriligator for discussions and useful comments on the manuscript. The research of C.C. and P.M. is supported in part by the NSF under grants PHY-0139738 and PHY-0098631, and in part by the DOE OJI grant DE-FG02-01ER41206. The research of J.T. is supported by the US Department of Energy under contract W-7405- ENG-36.

References

[1] N. Seiberg and E. Witten, Electric-magnetic duality, monopole condensation and confinement in N = 2 supersymmetric Yang-Mills theory, Nucl. Phys. B 426 (1994) 19 [hep-th/9407087], erratum ibid. B430 (1994) 485.

[2] N. Seiberg, Naturalness versus supersymmetric nonrenormalization theorems, Phys. Lett. B 318 (1993) 469 [hep-ph/9309335]; The power of holomorphy: exact results in 4-d SUSY field theories, hep-th/9408013.

[3] N. Seiberg, Exact results on the space of vacua of four-dimensional SUSY gauge theories, Phys. Rev. D 49 (1994) 6857 [hep-th/9402044].

[4] C. Csáki, M. Schmaltz and W. Skiba, Systematic approach to confinement in N = 1 supersymmetric gauge theories, Phys. Rev. Lett. 78 (1997) 799 [hep-th/9610139]; Confinement in N = 1 SUSY gauge theories and model building tools, Phys. Rev. D 55 (1997) 7840 [hep-th/9612207]; Exact results and duality for Sp(2N) SUSY gauge theories with an antisymmetric tensor, Nucl. Phys. B 487 (1997) 128 [hep-th/9607210].

[5] C. Csáki and W. Skiba, Classification of the N = 1 Seiberg-Witten theories, Phys. Rev. D 58 (1998) 045008 [hep-th/9801173];

B. Grinstein and D.R. Nolte, Systematic study of theories with quantum modified moduli, Phys. Rev. D 57 (1998) 6471 [hep-th/9710001]; Systematic study of theories with quantum modified moduli. ii, Phys. Rev. D 58 (1998) 045012 [hep-th/9803139]; G. Dotti, A.V. Manohar and W. Skiba, Supersymmetric gauge theories with a free algebra of invariants, Nucl. Phys. B 531 (1998) 507 [hep-th/9803087].

[6] N. Seiberg, Electric-magnetic duality in supersymmetric nonabelian gauge theories, Nucl.

Phys. B 435 (1995) 129 [hep-th/9411149];

K.A. Intriligator and N. Seiberg, Duality, monopoles, dyons, confinement and oblique confinement in supersymmetric SO(N(c)) gauge theories, Nucl. Phys. B 444 (1995) 125 [hep-th/9503179].

[7] K. Intriligator and B. Wecht, The exact superconformal R-symmetry maximizes a, Nucl.

Phys. B 667 (2003) 183 [hep-th/0304128].

[8] M. Flato and C. Fronsdal, Representations of conformal supersymmetry, Lett. Math. Phys. 8 (1984) 159.

– 15 –

[9] V.K. Dobrev and V.B. Petkova, All positive energy unitary irreducible representations of extended conformal supersymmetry, Phys. Lett. B 162 (1985) 127; All positive energy unitary irreduciblerepresentations of the extended conformal superalgebra, in proceedings of Symp. on conformal groups and structures A.O. Barut and H.D. Doebner eds., vol. 261, Clausthal 1985, Springer-Verlag, Berlin 1986; Group theoretical approach to extended conformal supersymmetry: function space realizations and invariant differential operators, Fortschr. Phys. 35 (1987) 537.

[10] D. Kutasov, A. Parnachev and D.A. Sahakyan, Central charges and U(1)R symmetries in N = 1 super Yang-Mills, J. High Energy Phys. 11 (2003) 013 [hep-th/0308071].

[11] K. Intriligator and B. Wecht, RG fixed points and flows in SQCD with adjoints, Nucl. Phys.

B 677 (2004) 223 [hep-th/0309201].

[12] D. Kutasov, New results on the ’a-theorem’ in four dimensional supersymmetric field theory,

hep-th/0312098.

[13] I. Affleck, M. Dine and N. Seiberg, Dynamical supersymmetry breaking in chiral theories, Phys. Lett. B 137 (1984) 187.

[14] I. Affleck, M. Dine and N. Seiberg, Dynamical supersymmetry breaking in four-dimensions and its phenomenological implications, Nucl. Phys. B 256 (1985) 557.

[15] M. Dine, A.E. Nelson, Y. Nir and Y. Shirman, New tools for low-energy dynamical supersymmetry breaking, Phys. Rev. D 53 (1996) 2658 [hep-ph/9507378]; C. Csáki, L. Randall and W. Skiba, More dynamical supersymmetry breaking, Nucl. Phys. B 479 (1996) 65 [hep-th/9605108];

C. Csáki, L. Randall, W. Skiba and R.G. Leigh, Supersymmetry breaking through confining and dual theory gauge dynamics, Phys. Lett. B 387 (1996) 791 [hep-th/9607021]; R.G. Leigh, L. Randall and R. Rattazzi, Unity of supersymmetry breaking models, Nucl. Phys. B 501 (1997) 375 [hep-ph/9704246];

M.A. Luty and J. Terning, New mechanisms of dynamical supersymmetry breaking and direct gauge mediation, Phys. Rev. D 57 (1998) 6799 [hep-ph/9709306]; Improved single sector supersymmetry breaking, Phys. Rev. D 62 (2000) 075006 [hep-ph/9812290].

[16] H. Murayama, Studying noncalculable models of dynamical supersymmetry breaking, Phys.

Lett. B 355 (1995) 187 [hep-th/9505082].

[17] E. Poppitz and S.P. Trivedi, Some examples of chiral moduli spaces and dynamical supersymmetry breaking, Phys. Lett. B 365 (1996) 125 [hep-th/9507169].

[18] M. Berkooz, The dual of supersymmetric SU(2K) with an antisymmetric tensor and composite dualities, Nucl. Phys. B 452 (1995) 513 [hep-th/9505067].

[19] P. Pouliot, Duality in SUSY SU(N) with an antisymmetric tensor, Phys. Lett. B 367 (1996) 151 [hep-th/9510148].

[20] M.A. Luty, M. Schmaltz and J. Terning, A sequence of duals for Sp(2N) supersymmetric gauge theories with adjoint matter, Phys. Rev. D 54 (1996) 7815 [hep-th/9603034].

[21] J. Terning, Duals for SU(N) SUSY gauge theories with an antisymmetric tensor: five easy flavors, Phys. Lett. B 422 (1998) 149 [hep-th/9712167].

[22] V.A. Novikov, M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, Exact Gell-Mann-low function of supersymmetric Yang-Mills theories from instanton calculus, Nucl. Phys. B 229 (1983) 381.

– 16 –

[23] J.L. Cardy, Is there a c theorem in four-dimensions?, Phys. Lett. B 215 (1988) 749.

[24] A.B. Zamolodchikov, ’Irreversibility’ of the flux of the renormalization group in a 2-D field theory, Sov. Phys. JETP Lett. 43 (1986) 730.

[25] D. Anselmi, D.Z. Freedman, M.T. Grisaru and A.A. Johansen, Nonperturbative formulas for central functions of supersymmetric gauge theories, Nucl. Phys. B 526 (1998) 543 [hep-th/9708042].

[26] D. Anselmi, J. Erlich, D.Z. Freedman and A.A. Johansen, Positivity constraints on anomalies in supersymmetric gauge theories, Phys. Rev. D 57 (1998) 7570 [hep-th/9711035].

[27] T. Banks and A. Zaks, On the phase structure of vector-like gauge theories with massless fermions, Nucl. Phys. B 196 (1982) 189.

[28] K.A. Intriligator and P. Pouliot, Exact superpotentials, quantum vacua and duality in supersymmetric Sp(N(C)) gauge theories, Phys. Lett. B 353 (1995) 471 [hep-th/9505006].

– 17 –